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Abstract
In this work we investigate the effects of a Fermi velocity modulation in a
valley filter in graphene created by a combination of a magnetic and electric
barrier. With the effective Dirac equation of the system, we use the transfer
matrix formalism to obtain the transmittance. We verify that the valley
transport in graphene is very sensitive to a Fermi velocity modulation, which
is able to choose which valley will be filtered with perfect filtering. Also, it is
possible to use a Fermi velocity modulation to filter both valleys or to make
the valley filter transparent. It reveals that the Fermi velocity is a powerful
tool that can be used to tune a graphene valley filter, since it has a total
control in its transport properties.
1. Introduction
Since its first experimental realization in 2004 [1], graphene has attracted
a great deal of attention due to both, its conection between different branchs
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of physics and its potential of application [2]. One of the most interesting
features of graphene is that its low-energy electronic excitations can be de-
scribed by a Lorentz invariant theory [3], in contrast to usual semiconductors.
It is due to the existence of two independent Dirac points in the electronic
structure of graphene that appear in the points K and K ′ in the Brillouin
zone, which characterizes the two valleys in graphene. As a consequence,
due to the Klein tunneling [4], electrostatic potential barriers are invisible to
quasiparticles with normal incidence, which limits the use of graphene in elec-
tronic devices. The electronic confinement in graphene can be improved, for
instance, by openning an energy gap in its electronic structure [5, 6, 7, 8, 9]
or including magnetic barriers [10, 11, 12].
In 2007, a seminal work proposed a way of occupying a single valley in
graphene, producing a valley polarization [13]. The proposed valley filter
should occur in a ballistic contact point with zigzag edges. Due to the large
momentum separation between the two valleys in graphene, valley informa-
tion could be preserved for a long distance [14]. It attracted a great deal
of attention in the investigation of the use of graphene in the valleytronics.
Different ways of generating a valley polarized current in graphene were pro-
posed, such as with electromagnetic fields [15, 16, 17, 18], trigonal warping
[19, 20], line defects [21, 22, 23], lattice strain [24, 25, 26, 27, 28, 29, 30, 31]
and also optical fields [32, 33]. More recently in 2014, the first experimental
observation of a valley current in graphene was performed [34]. In 2015, a
valley current was also observed in a bilayer graphene [35, 36]. These obser-
vations attracted even more attention in the investigations of how to create
and manipulate a polarized valley current in graphene [37, 38, 39, 40, 41, 42].
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In the last years, various studies have revealed that the electronic and
transport properties of graphene can be controlled by a Fermi velocity engi-
neering [43, 44]. For instance, it was obtained that a Fermi velocity modula-
tion in graphene can control the energy gap [45] and also induce an indirect
energy gap in monolayer [46] and bilayer [47] graphene. The Fermi velocity
can also be used to create electrons guides in graphene [48, 49], to control
the Fano factor [50] and to tune the electrons transmittance from 0 to 1 [51],
which means that it can turn on/off the transport in graphene. The Fermi
velocity in graphene can be engeneered, for instance, by the substrate [52], by
doping [53] and by strain [54, 55]. As the Fermi velocity in graphene depends
on the electron concentration [3, 56, 57], it is possible to induce a position-
dependent Fermi velocity placing metallic planes close to the graphene layer,
since the presence of the planes will change the electron concentration in
different regions [48, 49]. Fermi velocities as high as 3 × 106 m/s were al-
ready obtained in graphene by electron’s concentration modifications [56].
However, as far as we know, there are no studies about the effects of a Fermi
velocity modulation in the valley polarization of graphene.
Motivated by these studies, in this work we investigate the influence of
a Fermi velocity modulation in the transport properties of the valleys in
graphene. We consider that the valley-dependent transport properties are
generated by a combination of a magnetic and electric barrier. Within the
continuum limit, which is based on an effective Dirac Hamiltonian, we use
the transfer matrix formalism to obtain the transmittance of the system.
We verified that the valley transport in graphene is very sensitive to the
modulation of the Fermi velocity. In fact, we obtained that the Fermi velocity
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has a complete control over the valley transmission through the barriers,
being possible, for instance, to choose which valley is transmitted inducing
a transmittance equal to 1 for one valley and 0 for the other, and also to
induce a transmittance equal to 1 or 0 for both valleys. These results can
be used for the fabrication of a graphene-based valley filter, which creates
valley polarized currents.
The paper is organized as follows. In Sec. 2 we describe the system and
write out the effective Dirac equation. We solve it for the wave function and
use the transfer matrix formalism to obtain the transmittance of the system.
With the transmittance, in Sec. 3 we numerically obtain and discuss the
influence of the Fermi velocity modulation in the valley transport in graphene.
The paper is summarized and concluded in Sec. 4.
2. Model and Formalism
2.1. Dirac Equation
We are interested here in analize the effects of a Fermi velocty modulation
in the valley transport in a graphene layer. As was pointed out in Ref. [17], a
valley-polarized current can be created by a magnetic barrier plus an electric
or energy gap barrier in graphene. Here, we will consider a constant energy
gap given by 2∆ induced by the substrate that can be, for instance, SiC [5],
so the valley polarization will be the result of a combination of a magnetic
and electric barrier. A schematic diagram of the system can be seem in the
top of Fig. 1. We consider that the magnetic barrier is created by a magnetic
field perpendicular to the graphene sheet, ~B = B0eˆz, which is translationally
invariant in the y direction, i. e., B(x, y) = B(x). This magnetic field can be
4
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Figure 1: The schematic diagram of the graphene valley filter created by a magnetic and
electrostatic barrier of width L, with a modulated Fermi velocity. The vector and scalar
potential are shown in (b). The Fermi velocity modulation in induced by metallic planes
close to the graphene, which will change the electrons concentration in different regions of
graphene.
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created, for instance, depositing ferromagnetic metal (FM) on the top of the
layer. The electrostatic potential U also varies only in the x direction and is
induced by the FM gate. They are given by
B(x) = B0Θ(x)Θ(L− x), (1)
U(x) = U0Θ(x)Θ(L− x), (2)
where Θ(x) is the Heaviside function. In the Landau gauge, the vector po-
tential is given by ~A = (0, Ay(x), 0), where
Ay(x) =

−B0L/2, x ∈ (−∞, 0]
B0x−B0L/2, x ∈ [0, L]
B0L/2, x ∈ [L,∞).
(3)
The scalar and vector potential can be seen in the bottom of Fig. 1. We
are considering that the Fermi velocity modulation is generated by metallic
planes placed near the graphene sheet, as is shown in the top of Fig. 1, which
induce
vF (x) =
 v1, x < 0, x > Lv2, 0 ≤ x ≤ L. (4)
Since the injection of valley-polarized current can generate a transverse volt-
age in a graphene with broken inversion symmetry [58], the experimental
verification of our results can be performed by measuring how this trans-
verse voltage in the outgoing region can be tuned when the distance between
the metallic planes and the graphene changes.
The effective Dirac equation for the system is given by Hψτ = Eψτ , where
H =
√
vF (x)~σ ·
(
~P +
e
c
~A
)√
vF (x) + τ∆σz + Uσ0. (5)
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Here, τ = ±1 labels the two valleys in graphene, K and K ′, ψτ = (ψτA, ψτB)T
is a spinor that represents the two graphene sublattices, ~σ = (σx, σy, σz) is
the Pauli matrix acting in the pseudospin of graphene and σ0 is the unit
matrix. It is important to mention that, due to the position dependence of
the Fermi velocity, the Hamiltonian (5) had to be modified in relation to its
usual form in order to becomes Hermitian [59].
Since the wave functions are translationally invariants in the y direc-
tion, we can write ψτ (x, y) = ψτ (x)e
ikyy. Additionally, defining φτ (x) =√
vF (x)ψτ (x), the Dirac equation becomes
[−i∂xσx + (ky + Ay)σy]φτ (x) = 1
vF (x)~
(E − τ∆σz − U)φτ (x). (6)
In what follow, we introduce dimensionless units, where all quantities
will be expressed in units of B0, the magnitude of the magnetic field, and
`B =
√
~c/eB0, the associated magnetic length. Then, A(x) will be written
in units of B0`B, x in units of `B, ky in units of `
−1
B and E in units of ~vF/`B.
Since the energy scale depends on the Fermi velocity, in this dimensionless
units the modulation of the Fermi velocity will be incorporated in the problem
by the energy. So, in the incoming and outgoing regions we consider that the
electrons have energy E, while in the barrier region, they have energy Eζ,
with ζ = v2/v1.
2.2. Wave Functions
The Dirac equation (6) gives rise to two coupled equations given by
−i[∂x + (ky + Ay)]φτB(x) = (E − U − τ∆)φτA (7)
and
−i[∂x − (ky + Ay)]φτA(x) = (E − U + τ∆)φτB. (8)
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Uncoupling these equations for φτA, one obtains that
∂2xφτA + k
2
x(x)φτA = 0, (9)
where kx(x) =
√
(E − U)2 − (τ∆)2 − ∂xAy − (ky + Ay)2.
In regions I and III, kx(x) is constant. So, the solution of Eq. (9) is of
the form φiτA = Aie
ikixx + Bie
−ikixx, where kix = [E
2 − (τ∆)2 − (ky + Aiy)2]1/2
and i = I, III. Replacing this solution in Eq. (8), one can obtain that the
wave function in these regions can be written as
φiτ (x) = Ωi
 Ai
Bi
 (10)
where
Ωi(x) =
 eikixx e−ikixx
kix+i(ky+Aiy)
(E+τ∆)
eik
i
xx
−kix+i(ky+Aiy)
(E+τ∆)
e−ik
i
xx
 . (11)
At the same way, the solution in region II can be obtained as
φIIτ (x) = ΩII
 AII
BII
 , (12)
where
ΩII(x) =

Dp−1(q) Dp−1(−q)
i
√
2B0
Eζ−U−τ∆Dp(q) − i
√
2B0
Eζ−U−τ∆Dp(−q)
 . (13)
Here,
p =
(Eζ − U)2 − (τ∆)2
2B0
, (14)
q =
√
2
B0
(
ky − AIIy
)
(15)
and Dp(q) is the parabolic cylinder function.
It is important to remember that φτ is not the wave function of the
system. In fact, the wave function ψτ is equal to φτ/
√
vF .
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2.3. Transfer Matrix
In order to obtain the transmittance of the system, we will use the transfer
matrix formalism. In this approach, a matrix
Mˆ =

M11 M12
M21 M22
 , (16)
called the transfer matrix, relates the wave function on the incoming region
to the wave function on the outgoing region. This matrix will be obtained
by considering the continuity of the wave function.
Since the Fermi velocity in regions I and III are the same, the transfer
matrix that connects ψτ in regions I and III is the same that connects φ
I
τ
and φIIIτ . So, the continuity condition of φτ in x = 0 and x = L gives AI
BI
 = Ω−1I (0)ΩII(0)
 AII
BII
 (17)
and  AII
BII
 = Ω−1II (L)ΩIII(L)
 AIII
BIII = 0
 , (18)
respectively. Replacing (18) in (17), one obtains that AI
BI
 = Mˆ
 AIII
0
 , (19)
where
Mˆ = Ω−1I (0)ΩII(0)Ω
−1
II (L)ΩIII(L). (20)
Then, the transmittance is given by
TK(K′) =
kIIIx
kIx
∣∣∣∣AIIIAI
∣∣∣∣2 = kIIIxkIx 1|M11|2 , (21)
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where the factor kIIIx /k
I
x was included to ensure current conservation, since
the potential vector is different in regions I and III.
With the transmittance of the system, we can now investigate the influ-
ence of the Fermi velocity modulation in the valley transport in graphene.
The total conductance of the system at zero temperature can be obtained
via the Landauer-Bttiker formula, given by
GK(K′) = G0
∫ pi/2
−pi/2
TK(K′) cos θ0dθ0, (22)
where G0 = 2e
2ELy/(pi~). Ly is the sample size in the y direction. We also
define the efficiency and the valley polarization of the filter as
ηK(K′) =
TK(K′)
TK + TK′
(23)
and
P =
GK −GK′
GK +GK′
, (24)
respectively.
It is important to point out one characteristic of the system that is in-
duced by the magnetic barrier. The wave vectors written in terms of the
incident and emergent angles, θ0 and θe, respectively, are given by
kIx =
√
E2 − (τ∆)2 cos θ0, ky =
√
E2 − (τ∆)2 sin θ0 + B0L
2
(25)
kIIIx =
√
E2 − (τ∆)2 cos θe, ky =
√
E2 − (τ∆)2 sin θe − B0L
2
(26)
The conservation of ky implies that
sin θ0 +
B0L√
E2 − (τ∆)2 = sin θe, (27)
10
which means that there will be transmission through the barrier only if∣∣∣∣∣sin θ0 + B0L√E2 − (τ∆)2
∣∣∣∣∣ ≤ 1. (28)
This condition restricts the transmission for a smaller range of θ0 compared
with others barriers. This range decreases as B0 or L increases, and increases
as E increases. In special, if |B0L/
√
E2 − (τ∆)2| > 2, all electrons are
completely reflected by the barrier.
3. Numerical Results and Discussions
Let us now analyze the effects of the Fermi velocity modulation. In Fig. 2
we plotted the transmittance for various values of B0 with a fixed energy. In
Figs. 2 (a), (c) and (e) we consider T in terms of ky for different values of ζ.
As expected, the range of ky with transmittance different from zero decreases
as B0 increases. As can be seen, the difference between the blue and red lines
reveals a valley polarized current. In the continuum lines, we have the case
of a constant Fermi velocity. Looking at ky = 0, we can note that the Fermi
velocity modulation can be used to improve the valley polarized current, as
can be seen in the dashed lines, where the transmittance for the valley K
can reach 1 and for the valley K ′ can reach 0 as B0 increases, creating an
perfect valley filter. Also, the dotted lines reveals that the Fermi velocity
engineering can switch the valley polarization. Therefore, the Fermi velocity
can substantially improve the valley polarized current in graphene and also
control which valley will be transmitted through the barrier. It is important
to mention that the improvement in the valley polarization induced by the
Fermi velocity can also be obtained for a different value of ky.
11
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Figure 2: The transmittance for both valleys as a function of the transverse wave vector
ky (left panels) and ζ (right panels) for different values of B with a fixed value of E. We
consider here L = 2, U0 = 15.5, ∆ = 4 and E = 7. The others parameters are depicted in
the figure.
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Figure 3: The transmittance for both valleys as a function of the transverse wave vector
ky (left panels) and ζ (right panels) for different values of E with a fixed value of B. We
consider here L = 2, U0 = 15.5, ∆ = 4 and B = 3. The others parameters are depicted in
the figure.
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The transmittance as a function of ζ for ky = 0 in plotted in Figs. 2
(b), (d) and (f), showing how the valley polarization changes with the Fermi
velocity modulation. One can see here three kinds of transport process. The
first one is the interband process (from conductance bands to valence bands),
which is achieved when ζ < (U0 − ∆)/E. Here we have the appearance
of Fabry-Prot resonances, which gives rise to the sharp oscillations in the
transmission. A valley splitting of these resonances can be observed as a
consequence of the magnetic field. As B0 increases, the difference between
the resonant peaks for each valley increases. The second one is a tunneling
process (through the energy gap), which occurs when (U0−∆)/E < ζ < (U0+
∆)/E. In this region, the propagating incident mode becomes an evanescent
mode in the barrier region, which can only exist near the boundary. So, the
transmission exponentially decays with the distance. A finite transmission
could be obtained here only for a very small barrier width L. The third
transport process is the intraband process (between conduction bands), which
appears for ζ > (U0 + ∆)/E. The intraband process induces a weaker valley
contrast compared to the interband process, which can be understood by the
dependence of the transmission with the parameters of the system.
As can be seen, the transmittance for each valley is very sensitive to the
Fermi velocity. A small change in ζ can induce a great change in the valley
transmission through the barrier. As B0 increases, the valley polarization
improves, since the transmittance peaks of one valley match with a minimum
of the other valley, as can be seen in the case with B0 = 3, which does not
occur for B0 = 1. It can also be noted that the Fermi velocity modulation can
be used to create confinement in graphene, since there is a range of values of ζ
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in which the transmittance is equal to zero for both valleys. This range does
not change as the magnetic field increases, which means that, even for a weak
magnetic field, the total reflection in the barrier can be achieved with the
contribution of the Fermi velocity modulation. So, besides the improvement
and control of the valley polarized current, the Fermi velocity can also turn
on/off the electronic transport in graphene.
K
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Figure 4: Contour plot of the transmittance as a function of incidence angle and ζ for
both graphene valleys. We consider here L = 2, B = 3, ∆ = 4, E = 7 and U0 = 15.5.
In Fig. 3 we plotted the transmittance for different values of energy
with a fixed magnetic field. In Figs. 3 (a), (c) and (e) we consider T as a
function of ky for various values of ζ. As the energy increases, the range of
ky with transmittance different from zero also increases, satisfying what was
predicted by Eq. (28). The transmittance for both valleys becomes equal
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to one by choosing a specific value for ζ, as can be seen in the dotted lines,
which reinforce the relevance of a Fermi velocity modulation in the transport
properties of graphene. So, besides of being able to make the filter totally
reflect both valleys, a Fermi velocity modulation can also make it becomes
transparent for all incidence angles included in the condition (28). In Figs. 3
(b), (d) and (f) we consider the transmittance as a function of ζ for ky = 0.
One can see clearly again that the valley filter in very sensitive to a Fermi
velocity modulation. Also, it can be noted that, in contrast to the magnetic
field, the range of values of ζ with T = 0 for both valleys changes with the
energy.
A contour plot of the transmittance as a function of ζ and incidence angle
for valleys K and K ′ can be seen in Fig. 4, which reveals the influence of
the Fermi velocity modulation for all incidence angles θ0. As can be seen,
the transmittance for both valleys oscillates from 0 to 1 for almost all values
of θ0 as ζ changes. Also, the peaks of transmittance for valley K occur for
different value of ζ than for the valley K ′, revealing that a Fermi velocity
modulation can control the valley filter for quasiparticles in graphene with
various incidence angles.
In Fig. 5 we consider the efficiency of the valley filter. One can note that
the Fermi velocity modulation can improve the efficiency of the valley filter,
leading to a perfect filter, with efficiency 1 for one valley and zero for the
other. This result, together with the previous ones, reveals that a controllable
Fermi velocity in graphene is a powerful mechanism for the fabrication of a
valley filter, since it has a total control in its properties.
Finally, we calculated the conductance for each valley and the polarization
16
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Figure 5: The efficiency of the valley filter as a function of ζ. We consider here L = 2,
B = 3, ∆ = 4, E = 7, U0 = 15.5 and ky = 0.
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Figure 6: The conductance and the polarization of the valley filter as a function of ζ. We
consider here L = 2, B = 3, ∆ = 4, E = 7 and U0 = 15.5.
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of the filter as a function of the ζ. It can be seen in Fig. 6. Again, it is
clear that the Fermi velocity modulation can improve and control the valley
polarization in graphene. These results also reveal that this control is not
restricted to a specific incidence angle, since to obtain the conductance we
integrate the transmittance for all angles.
4. Conclusions
In this paper we have demonstrated that a Fermi velocity modulation can
improve the efficiency and control a valley filter in graphene. Considering
that the filter is created by a combination of a magnetic and electric barrier,
we showed that the Fermi velocity has a complete control in the valley po-
larization, being possible to choose which valley will be filtered and also to
filter both or none of the valleys. Our results revealed that the valley filter
is very sensitive to a modulation of the Fermi velocity, which means that it
is a powerful tool to be used in a future graphene-based valleytronic device.
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